In biomedical engineering, dipole source localization is commonly used to identify brain activities from scalp recorded potentials, which is known as inverse problem of electroencephalography (EEG) source localization. However, this problem is fundamental in biomedical engineering, medicine and neuroscience. The EEG inverse problem is non-linear, in addition, it is ill-posed and the solver can be unstable, i.e. the solution is non-unique and it is highly sensitive to small changes of the measured signal (noise). For solving the EEG inverse problem iterative methods, like Levenberg-Marquardt algorithm, are usually considered. However, these techniques require good initial values and many electrodes N, since a large redundancy supports the finding of the right solution. Therefore, in this paper, a hybrid method of linear and non-linear modelling and least squares approach are proposed to overcome of these problems: the solutions calculated by means of a linear approximation of EEG inverse problems serve as initial values for solving the original non-linear model. In addition, independent component analysis (ICA) is combined with the proposed hybrid least squares method to separate different dipole sources from multiple EEG signals. The performance of the hybrid least squares method with and without ICA is measured in term of root mean square error. The simulation results show that the proposed method can estimate the location of dipole source with acceptable accuracy under high noise condition and small N comparing with linear least squares method considering larger N. Finally, it should be mentioned that the proposed method promises advantages in finding solutions of the EEG inverse problem effectively.
Introduction
Source localization algorithms have attracted the attention in many research areas, especially in biomedical engineering. The purpose of these algorithms is to estimate the location of unknown emitter (dipole source location) from the receivers' measurements (electrodes). In biomedical research, EEG sources are frequently modelled as dipole sources [1] . Therefore, dipole source localization algorithms are commonly used to investigate inner brain activities from the potentials measured on the scalp surface. In clinic, these methods are used to estimate the location of epileptic focus inside the brain [1, 2] . However, there is no unique closedform solution for the inverse problem of EEG source localization [3] . Although there are many EEG source localization algorithms, most of these algorithms rely on iterative estimator methods such as the Levenberg-Marquardt algorithm [3, 4, 5] . These kinds of iterative estimators require adequately selection of the initial values to reach the global minimum with as few iterations as possible [6] . Thus, these methods are not robust because they are highly sensitive to initial values, and noise in the measured signals.
A combined method of nonlinear and linear least square estimator is proposed in this paper to estimate the location of single dipole source in three dimensions (x, y, z) without using forward problem approach. Separation of single source from multiple EEG signals or channels is significantly important especially in case of multiple dipole sources [2] . Therefore, ICA is considered to separate the target source from its mixture [2, 7] . In the next section, the proposed method of dipole source localization is described. In section III, the simulation results are presented. The paper ends with a discussion and conclusions section. (1)  Since the aim is to look for one dipole source in three dimensions, six unknown parameters should be estimated: location ( , , ) and orientation ( , ) and dipole moment strength [9] . The other three parameters can be considered as components ( , , ) of dipole moment strength in direction x, y and z. However, the measured potential of electrical dipole source from ith electrodes in two dimensions are given in (2) assuming >> , where d is distance between dipole charges (see figure 1 ). Considering the medium is ideal homogeneous and the source has fixed position with respect to time, and fixed known orientation, result in a reduction in source parameters to four only: location ( , , ) and strength of a single dipole. This reduced model can be valid for single dipole source in three dimensions. Where k is coulomb's constant 8.99×10 9 Nm 2 /C 2 , and is a zero-mean Gaussian random noise with variance 2 .
Linear Least Squares Estimator
Since the relation between the electrical potential and the dipole moment is linear as in (2), we can use linear least squares method [9] . After substituting (1) into (2), the measured potentials from dipole source is converted to linear model as follow  − 2 − 2 − 2 − / = −  = 2 + 2 + 2 and = 2 + 2 + 2 . Therefore, for LLSE, the number of electrodes is ≥ 5 due to the intermediate variable that appears in (3) . In term of matrix form, =   Without considering the dependency between x and R, The LLSE estimator of is given by [10] = ( ) −1 ( )
Nonlinear Least Squares Estimator
Solving the nonlinear equations are achieved by using nonlinear least squares estimator with Levenberg-Marquardt algorithm [5,.8] , which is an iterative procedure. 
Independent Component Analysis
The Independent Component Analysis (ICA) has been used successfully in EEG processing like extraction target signal from its mixture [11] . Suppose that several measurements from each electrode are taken which are expressed by Eth dimensional vector ( ) = [ ( ) … . . , ( )] , = , , … , where E is number of measurements and n is number of time samples [7] . The relation between source and measured data is denoted by
. , ] is denoted as the unknown mixing matrix and ( ) is unknown source signals. The following pre-processing steps are considered which are applied to the data before applying ICA algorithm [9] . First, making the mean value of the measured data equal to zero, then sphering/whitening the measured data by making signals uncorrelated. The considered ICA algorithm is developed by [12] . This algorithm applied to the electrical signals measured from each electrode separately.
A cubic region of dimensions 10 ×10 ×5 cm 3 is considered for simulations. The simplified coordinates of the N electrodes are (0,0,2), (0,10,1), (10,10,3), (10,0,2), (10, 5, 3) , (5, 10, 4) , (0,5,2). Two sources have been considered having the following coordinates (3, 3, 5) and (1, 3, 2) respectively which are used only for comparing with the estimated values as shown in figure 3 figure  2 that the maximum RMSE of the LLSE in case of N = 5 and = 0.16 is approximately 25 cm, while the N/LLSE has RMSE equal to 3 cm only. On the other hand, the performance of N/LLSE in case of N.=.5 is much better than the performance of LLSE in case of N.=.6, and the maximum difference between the two cases is RMSE = 2 cm. In other words, it is possible to estimate the location of single dipole source more accurately using the N/LLSE method with a lower number of electrodes N compared to LLSE method considering larger N.
Discussion and Conclusions
In this paper, a hybrid least squares method is proposed to solve the inverse problem of dipole source localization without considering forward problem approach. To reduce the complexity, a reduced three dimensions model of single dipole is presented by assuming dipole source with fixed known orientation and variable dipole moment. However, in case of full three dimensions model, forward problem approach is usually used [6] . This approach produces a map of values for each simulated electrode locations, and these values are used as initial iterative engine for solving the inverse problem of dipole source localization [5] .
Since the main challenge of the inverse problem of dipole source localization is that it needs optimal initial values and large number of electrodes N, we overcome this challenge by considering a reduced model of single dipole source to solve the problem linearly using LLSE method. Then, the estimated values using LLSE is served as the initial values for the NLSE. The results show that it is possible to obtain better estimation about the location of dipole source with a smaller number of electrodes and without using forward problem approach. Our simulations show that the accuracy of the proposed method is considerably good even under sufficiently high noise condition with small number of electrodes. In the future work, realistic model of the head will be considered instead of cubic model, and the proposed method will be tested on a recorded EEG data.
